Abstract. Recently the author has introduced cobordism-like modules induced from generic maps whose codimensions are negative. They are generalizations of cobordism modules of manifolds. They have been introduced in generalizing the following theorem shown by Hiratuka and Saeki in 2013-14; for a generic map whose codimension is negative including a connected component of an inverse image of a regular value being not null-cobordant and for a space defined as all connected components of inverse images, which is a polyhedron whose dimension is equal to that of the target space, the top-dimensional homology group does not vanish. Note that such spaces are fundamental and important tools in general, in the differential topological theory of Morse functions and their higher dimensional versions and application to algebraic and differential topology of manifolds, or the global singularity theory.
Introduction
Two (oriented) closed manifolds are said to be (resp. oriented) cobordant if their disjoint union is a boundary of a compact (resp. oriented) manifold. The cobordism relation defined as this on the family of all closed manifolds of a fixed dimension is an equivalence relation and such relations induce a natural ring structure on all closed manifolds satisfying the following.
(1) The sum of two elements is defined canonically by considering the disjoint union of corresponding manifolds. ( 2) The product of two elements is defined canonically by considering the product of corresponding manifolds. Such relations are fundamental and important in algebraic and differential topology of manifolds and systematic studies were started by Thom etc. ([18] ). We omit more precise explanations. For precise fundamental and advanced algebraic and differential topological theory on cobordisms, see also [1] , [17] , [13] etc.. We abuse terminologies on cobordisms without definitions.
Recently in [7] , the author has introduced cobordism-like modules induced from generic maps whose codimensions are negative. Such a module is defined by considering a weaker relation on all manifolds of a dimension equal to that of the absolute value of the codimension.; we define two (different) manifolds to be cobordant if We present the reason why the author has introduced such a module in [7] with explanations on Reeb spaces and several classes of smooth maps.
First, we need to define a Reeb space. For a continuous map c : X → Y , we consider the set of all connected components of inverse images of the map as a quotient space of the source space X and denote it by W c , call it the Reeb space of c and denote the quotient map by q c : X → W c and a uniquely determined map byc satisfying the relationc • q c = c. FIGURE 1 represents explicit Reeb spaces. They represent fundamental Morse functions; a Morse function with just 2 singular points, characterizing a k-dimensional homotopy sphere (except 4-dimensional homotopy spheres not diffeomorphic to S 4 , which are undiscovered,) topologically (k ≥ 2), and a height function on S 1 × S k for k ≥ 1. Note that the Reeb space is a graph for a smooth function on a closed manifold having a finite number of singular values.
The map c is said to be proper if for every compact subset P ⊂ Y , c −1 (P ) is compact.
Related to Reeb spaces of smooth maps whose codimensions are negative, the following has been shown. [6] etc.). For a proper smooth map c : X → Y between smooth manifolds without boundaries such that the codimension is negative and −k and for suitable triangulations k X : K X → X and k Y : K Y → Y (, representing canonical PL structures of X and Y ), k Y −1 • c• k X is a simplicial map, then the Reeb space is a polyhedron. Moreover, if there exists a connected component of an inverse image of a regular value being not null-cobordant or such that the cobordism class does not vanish, then the dimension of the Reeb space is equal to that of Y and its topdimensional homology group with coefficient ring Z/2Z does not vanish. Furthermore, if the source and the target manifolds are oriented, then the top-dimensional homology group of the Reeb space whose coefficient ring is the k-dimensional smooth oriented cobordism group does not vanish.
We can apply this theorem to (stable) Morse functions, (or Morse functions such that at distinct singular points, the values are distinct,) existing densely on any smooth closed manifold, their higher dimensional versions including so-called (stable) fold maps and more general stable maps: a stable map c is a smooth map such that by a slight perturbation, for the resulting map c ′ , there exists a pair of diffeomorphisms (Φ, φ) and the relation φ•c = c ′ •Φ holds or in short, a smooth map such that by a slight perturbation, the sets of all singular points and the sets of all singular values are invariant modulo diffeomorphisms. Note that stable maps exist densely in the space of all smooth maps from smooth closed manifolds into smooth manifolds without boundaries if the pairs of the dimensions of the source and the target manifolds are nice: if source and target manifolds are low-dimensional, the conditions hold. For fundamental explanations on fundamental singularity theory and geometric theory of stable maps, see [4] for example.
Note also that such stable maps and Reeb spaces are fundamental and important tools in general in the differential topological theory of Morse functions and their higher dimensional versions and application to algebraic and differential topology of manifolds, or the global singularity theory. For example, Reeb spaces inherit fundamental invariants such as homology groups etc. in considerable cases. We can explicitly know this fact by FIGURE 1: in the first case, the j-th homology group of the manifold and that of the Reeb space are isomorphic for 0 ≤ j ≤ k − 1 and in the second case, for k ≥ 2, the same fact holds for 1 ≤ j ≤ k − 1. Moreover, Theorem 1 is an important result in such a branch of geometry and mathematics.
In such a stream, in [7] , the author has shown an extended similar result for a presented generalized module and present related examples. That is why such a module has been introduced.
Furthermore, as an advanced study, in [9] , the author has investigated algebraic structures of such modules in cases where the codimensions of maps are −2.
In this paper, as another new algebraic topological study, we consider about a product of a pair of elements in these modules which may be distinct and give an answer. We define the product as an element of a module induced from a generic map whose codimension is negative and which is constructed by respecting algebraic and differential topological properties of the given maps inducing the given modules. The resulting products are regarded as extensions of products in ordinary cobordism rings. Throughout the present paper, let R be a principle ideal domain having a unique identity element 1 not equal to zero and for a positive integer k, N k (R) (O k (R)) be a free module generated by all elements corresponding to equivalence classes obtained by considering the equivalence relation on smooth, closed and connected, (resp. oriented) manifolds defined canonically by (resp. orientation preserving) diffeomorphisms such that distinct elements corresponding to distinct connected manifolds are mutually independent. Moreover, manifolds and maps between them are smooth and of class C ∞ unless otherwise stated. The singular set of a smooth map is defined as the set of all singular points of the map, the singular value set of the map is defined as the image of the singular set and the regular value set of the map is the complement of the singular value set.
In addition, let M be a closed and connected manifold of dimension m > 1, N be a connected manifold of dimension 1 without boundary, or R or S 1 , and f be a map from M into N . We denote the singular set of the map by S(f ).
The organization of the present paper is as the following. Before presenting the main theorem and the proof, we review a canonically obtained submodule A ⊂ N m−1 (R) (resp. O m−1 (R) oriented) compatible with a map f : M → N having a finite number of singular values based on [7] and [9] . Then we show a main theorem with its proof.
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Preliminaries
As announced in the end of the previous section, in this paper, we only treat functions whose singular value sets are finite unless otherwise stated. For example, Morse functions, Morse-Bott functions (see for [2] for example), circle-valued versions of these functions on closed manifolds (we call Morse maps, Morse-Bott maps etc.) etc. are considered in the present paper. Reeb spaces are graphs for such functions and maps (see also [10] , [11] , [12] , [15] etc. for such functions and maps). We introduce a fundamental object in this paper based on [7] and [9] , changing terminologies to some extent. Definition 1. Let f : M → N be a map whose singular value set is finite. For a closed interval I in N containing zero or one singular value such that the singular value is in the interior if it exists, let a and b be two distinct boundary points. For each connected component I c of the inverse imagef −1 (I), consider all connected components of I c f −1 (a) and I c f −1 (b), which are (m − 1)-dimensional closed and connected manifolds, and corresponding elements in N m−1 (R), and obtain the sum of all elements, respectively. We denote the sums corresponding to a and b by I c,a and I c,b , respectively.
Let A ⊂ N m−1 (R) be a submodule. Let A satisfy the following.
(1) A includes all elements represented by closed and connected manifolds not appearing as connected components of inverse images of regular values and we denote the module generated by all such elements by A 1 . (2) For any I c before, I c,a − I c,b ∈ A holds and we denote the module generated by all such elements by A 2 . (3) A is represented as the direct sum A 1 ⊕ A 2 . Then A is said to be canonically compatible or CC with f . We call A 1 the outer part and A 2 be the effective part of A. If we replace N m−1 (R) by O m−1 (R), then A is said to be canonically oriented compatible or COC with f . We define the outer part and the effective part in a same way.
Note that A is uniquely determined from f and we denote A by CC(f ) in the case where the manifolds are not oriented and A by COC(f ) in the case where the manifolds are oriented. For such a module A, we denote A o the outer part and A e the effective part. We denote the element represented by a k-dimensional closed For the module A CC with the function, the effective part is generated by [
Note that we cannot apply Theorem 1 immediately and can apply the generalized version in [7] for the module N 2 (R)/A, isomorphic to Z/2Z and regarded as the module generated by the canonically obtained element corresponding to [K] (H 1 (W f ; Z/2Z) is isomorphic to Z/2Z and not zero).
The main theorem
Theorem 2. Let m, m ′ > 1 be integers. Let f : M → N be a map from an m-dimensional closed and connected (oriented) manifold into a 1-dimensional connected (resp. oriented) manifold with no boundary and let f ′ : M ′ → N ′ be a map from an m ′ -dimensional closed and connected (resp. oriented) manifold M ′ into a 1-dimensional connected (resp. oriented) manifold N ′ with no boundary. We also assume that their singular value sets are finite. Then we have the following.
(1) There exists a map CF (f, f ′ ) on an (m + m ′ − 1)-dimensional closed and connected (resp. oriented) manifold into a 1-dimensional connected (resp. oriented) manifold with no boundary whose singular value set is finite and which satisfies the following.
is generated by all elements represented by closed and connected (resp. oriented) (m + m ′ − 2)-dimensional manifolds we cannot represent as products of a manifold appearing as a connected component of the inverse image of a regular value of f and a manifold appearing as a connected component of the inverse image of a regular value of f ′ . Moreover, the module is free and distinct elements, which are all represented by closed and connected (resp. oriented) manifolds considered here, are independent. (b) The module CC(CF (f, f ′ )) e (resp. COC(CF (f, f ′ )) e ) is generated by the set S satisfying the following.
(i) For a (resp. an oriented) manifold F M appearing as a connected component of the inverse image of a regular value of f and for an element
represented as a linear combination of elements in {[F N k ]} where F N k is a closed and connected (resp. oriented) manifold and where a k is an integer,
(ii) For a (resp. an oriented) manifold F N appearing as a connected component of the inverse image of a regular value of f ′ and for an element 
(iii) Any element of S is of the form of (1(b)i) or (1(b)ii) . In addition, if the f and f ′ are Morse, then the resulting map is a MorseBott map.
(2) Canonically, we have a homomorphism map from
where for two closed and connected (resp. oriented) manifolds, we define the resulting value as the element represented by the product of the manifolds. Moreover, the homomorphism is surjective.
We explain a rule about presented Reeb spaces. If a presented Reeb space has no big dot on boundary points, then the Reeb space is for a map onto S Proof. We show the statement in the case where manifolds are not oriented and we can show this in a same way in the case where manifolds are oriented.
The second statement on the homomorphism including the fact that the homomorphism is surjective follows from the fact that any manifold represented as a product of two manifolds, appearing as connected components of the inverse images of regular values of f and f ′ , respectively, must appear as a connected component of the inverse image of a regular value of the resulting map, Definition 1 and various properties of the map in the first statement. CASE 1 In the case where f or f ′ has no singular value or where at least one of the maps gives a bundle structure over the circle.
Let f ′ be such a map and let the fiber of the bundle F . In this case, CC(f ′ ) o is freely generated by all elements represented by closed and connected manifolds ↓ Figure 3 . Construction of desired maps for CASE 1.
of dimension m ′ − 1 except one represented by F and CC(f ′ ) e is a trivial group by Definition 1. For S in (1b), it is sufficient that we cosider only (1(b)ii) . By the definitions of related terminologies, we can see that the map obtained by the composition of the canonical projection M × F onto M and f gives the desired map. We can see also that the other facts we should show is true.
See also FIGURE 1 for explicit construction.
CASE 2 In the case where f and f ′ have singular values. For each singular value of f and f ′ , we consider a closed small interval such that the singular value is in the interior and consider connected components of the inverse image of the interval. For each singular value of f , the closed small interval and each connected component of the inverse image of the interval, we change the map into one as in the upper part of FIGURE 4. We change the local map into a map obtained by three copies of the original local map canonically. For each singular value of f ′ , the closed small interval and each connected component of the inverse image of the interval, we consider the map as in the lower part of FIGURE 4. The map is obtained by gluing two copies of the original local map canonically. Next, for f , we change the obtained local map again through FIGURE 5 and FIGURE 6 for example and we can naturally generalize the discussion here and we will explain again.
For a singular value a of f and a singular value b of f ′ , we consider a closed small interval [a 1 , a 2 ] ⊂ R ⊂ N such that the singular value a is in the interior and the intersection I c,i of f For a fixed singular value of f ′ , a closed small interval including the value in the interior and a fixed connected component of the inverse image of the interval, by doing such a procedure for each singular value of f , a closed small interval including the value in the interior and each connected component of the inverse image of the interval, we obtain a map into N whose singular value set is finite.
For each singular value of f ′ , a closed small interval including the value in the interior and each connected component of the inverse image of the interval, we can do such a procedure and as a result, we obtain a map.
In the previous step, we obtain a map whose singular value set is finite. If the resulting source manifold is not connected, then by deforming the map by a suitable deformation by a family of isotopies and using a technique also used in [9] in cases where maps are of codimension −2, in [11] in cases where inverse images of regular values are disjoint unions of standard spheres for example etc., we can make the source manifold connected preserving the module CC with the function. In other words, we change a local map on the inverse image of a closed interval in the regular value set into a local Morse function with just 1 singular value. We can do this by virtue of a fundamental fact on handle attachments corresponding to singular points. See also FIGURE 7 and FIGURE 8.
This gives a desired map CF (f, f ′ ).
Last, if the original maps are Morse, then by the method of construction, the resulting map is a Morse-Bott map. This completes the proof.
Example 2.
(1) Let f be a Morse function on an m-dimensional closed and connected manifold whose Reeb space is as FIGURE 9 where Σ is a homotopy sphere of dimension m − 1. For such a Morse function, see also [8] . Let f ′ give a bundle over the circle whose fiber is an (m ′ − 1)-dimensional closed and connected manifold F . We demonstrate the construction of the proof of CASE 1 of Theorem 2. we can make such a case by choosing m and m ′ so that the number of connected components of the diffeomorphism group of S m+m ′ −2 is one: for example, in the case where the relation m + m ′ − 2 = 11 holds (see [3] and [9] for example). In the first case, if the number of the connected components of the diffeomorphism group of S m+m ′ −2 is small, then the homomorphism of the second statement of Theorem 2 seems to be not injective (and the zero map) in considerable cases.
Remark 2. In considerable cases, it seems to be true that we can construct desired maps in Theorem 2 as ones simpler than ones obtained by the construction of the proof. For example, in the second example of Example 2, maps obtained in FIGURE  11 and FIGURE 12 are also answers. Figure 13 . The last step to make the source manifold connected in the case of FIGURE 10 (we omit information of manifolds appearing as connected components of inverse images of regular values).
